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Monte Carlo simulation of hot-carrier phenomena
in open quantum devices: A kinetic approach
Remo Proietti Zaccaria, Rita Claudia Iotti, and Fausto Rossi
Istituto Nazionale per la Fisica della Materia (INFM) and Dipartimento di Fisica,
Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
~Received 28 July 2003; accepted 9 November 2003!
An alternative simulation strategy for the study of nonequilibrium carrier dynamics in quantum
devices with open boundaries is presented. In particular, we propose replacing the usual modeling
of open quantum systems based on phenomenological injection/loss rates with a kinetic description
of the system-reservoir thermalization process. More specifically, in this simulation scheme the
partial carrier thermalization induced by the device spatial boundaries is treated within the standard
Monte Carlo approach via an effective scattering mechanism between the highly nonthermal device
electrons and the thermal carrier distribution of the reservoir. The proposed simulation strategy is
applyed to state-of-the-art semiconductor nanostructures. © 2004 American Institute of Physics.
@DOI: 10.1063/1.1637965#
Continuous progress in microelectronics technology
pushes device miniaturization toward limits where the tradi-
tional semiclassical transport theory1 can no longer be ap-
plied, and more rigorous quantum-transport approaches are
required.2 However, in spite of the quantum-mechanical na-
ture of carrier dynamics in the core region of typical nano-
structured devices—like semiconductor superlattices and
double-barrier structures—the overall behavior of such quan-
tum systems is often the result of a nontrivial interplay be-
tween phase coherence and energy relaxation/dephasing,3 the
latter being primarily due to the presence of spatial bound-
aries. It follows that a proper treatment of these nanoscale
devices requires a theoretical modeling able to properly ac-
count for both coherent and incoherent—i.e., phase-
breaking—processes on the same footing. In this spirit, a
generalization to open systems—i.e., systems with open
boundaries—of the well known Semiconductor Bloch Equa-
tions ~SBE!4 has been recently proposed.5 However, such
fully microscopic treatments—which are essential for the ba-
sic understanding of the quantum phenomena involved—are
extremely computer-time consuming, and therefore cannot
be employed in standard optoelectronic-device modeling/
optimization. In contrast, to this end partially phenomeno-
logical models are usually considered. Among such simula-
tion strategies it is worth mentioning the approach recently
proposed by Fischetti and co-workers.6 Within such partially
phenomenological treatments the coupling of the quantum
device with external reservoirs is usually described in terms
of extremely simplified injection/loss models.6
Our aim in this letter is to present an innovative simula-
tion strategy for the study of nonequilibrium carrier dynam-
ics in quantum devices with open boundaries: what we pro-
pose is to replace the usual modeling of open quantum
systems based on phenomenological injection/loss rates with
a kinetic description of the system-reservoir thermalization
process; in particular, within this simulation scheme the par-
tial carrier thermalization induced by the device spatial
boundaries will be treated via a conventional Monte Carlo
~MC! approach in terms of an effective scattering mechanism
between the highly nonthermal device electrons and the ther-
mal carrier distribution of the reservoir. As we shall see, in
our approach the total number of simulated electrons is pre-
served ~closed scheme!; this is a distinguished advantage of
the proposed strategy, compared to hybrid—direct
numerical-integration plus MC-sampling—schemes, where
the total number of particles is not constant ~open scheme!.
As a starting point, let us recall the usual approach used
for the simulation of state-of-the-art semiconductor-based
quantum devices. By denoting with f a the carrier distribution
over the electronic states a of the device, the equation gov-
erning hot-carrier transport/relaxation phenomena in open
systems can be schematically written as
d
dt f a5
d
dt f aU
scat
1
d
dt f aU
res
. ~1!
The first term describes scattering dynamics within the
device active region and is usually treated at a kinetic level
via a Boltzmann-like collision operator of the form
d
dt f aU
scat
5(
a8
~Paa8
s f a82Pa8a
s f a!, ~2!
where Paa8
s denotes the total ~summed over all relevant in-
teraction mechanisms! scattering rate from state a8 to state
a.
The last term in ~1! accounts for the open character of
the system, i.e., it describes injection/loss contributions
from/to external carrier reservoirs. This is usually treated via
a relaxation-time-like term of the form6
d
dt f aU
res
52ga~ f a2 f a+ !5Ga2ga f a , ~3!
where ga
21 can be regarded as the device transit time for an
electron in state a and f a+ is the carrier distribution in the
external reservoirs; the latter may correspond to two distinct
quasi-equilibrium distributions ~left and right chemical po-
tentials!, or may describe a generic nonequilibrium distribu-
tion within the external reservoirs. As anticipated, in spite of
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the kinetic nature of the scattering dynamics in ~2!, the last
~relaxation-time-like! term in ~3! describes carrier injection/
loss on a partially phenomenological level; this, in turn, re-
quires hybrid simulation strategies7 combining a MC sam-
pling of the scattering dynamics with a direct numerical
integration of injection/loss terms.
In this Letter we propose to replace the conventional
relaxation-time term in ~3! with a Boltzmann-like operator of
the form
d
dt f aU
res
5(
a8
~Paa8
r f a82Pa8a
r f a!. ~4!
The latter has exactly the structure of the scattering operator
in ~2!; however, the new scattering rates Paa8
r describe elec-
tronic transitions within the simulated region induced by
coupling with external carrier reservoirs. We stress that, con-
trary to the conventional injection/loss term in ~3!, in this
case there is no particle exchange between the device active
region and thermal reservoirs; it follows that the total num-
ber of simulated particles is preserved.
Let us now discuss the explicit form of the scattering
rates Paa8
r in Eq. ~4!. In the absence of scattering processes
(Paa8
s
50), the steady-state solution of the conventional
injection/loss model in ~3! is f a5 f a+ . As a first requirement,
we impose the same steady-state solution ( f a5 f a+ ) to the
new collision operator in ~4!, which in turn will impose con-
ditions on the explicit form of the scattering rates Paa8
r
.
More specifically, from the detailed-balance principle1 we
get
Paa8
r
Pa8a
r 5
f a+
f a8
+ . ~5!
It follows that our transition rates should be of the form
Paa8
r
5Paa8 f a+ , ~6!
where P can be any positive and symmetric transition matrix
(Paa85Pa8a.0). Indeed, it is well known that in steady-
state conditions what is important is the ratio of the scatter-
ing rates in ~5! and not their absolute values. The latter, in
contrast, are crucial in determining the transient nonequilib-
rium response of the system. Since our aim is to replace the
injection/loss term in ~3! with the Boltzmann-like term in
~4!, as a second requirement we shall then ask that the typical
relaxation dynamics induced by the new collision term cor-
responds to the phenomenological relaxation times in ~3!.
More precisely, we shall impose that the total out-scattering
rate—summed over all possible final states—coincides with
the relaxation rates ga :
Ga[(
a8
Pa8a
r
5ga . ~7!
By assuming—as the simplest form of the symmetric transi-
tion matrix in ~6!—Paa85papa8 , Eq. ~7! reduces to the
following system of equations for pa :
(
a8
pa8 f a8
+
5
ga
pa
. ~8!
Since the sum on the left is a-independent, we immediately
get pa}ga . Starting from this result, we finally obtain
Paa85papa85
gaga8
(a9ga9 f a9
+ . ~9!
Equation ~6! together with Eq. ~9! provides the explicit form
of the desired system-reservoir scattering rates entering the
Boltzmann-like collision term in ~4!. As anticipated, the pro-
posed kinetic formulation, which involves Boltzmann-like
collision operators only, is particularly suited for a standard
Ensemble-MC simulation approach, where one deals with a
fixed number of particles. In this respect, it is worth noticing
that, contrary to the phenomenological model in Eq. ~3!, in
the proposed closed-system formulation the total carrier den-
sity is not fixed by the external reservoirs ~the resulting
transport equation is homogeneous!.
In order to test the viability of the proposed simulation
strategy, we have developed a fully three-dimensional ~3D!
MC simulator, using as basis states a the product of scatter-
ing states along the field/growth direction and two-
dimensional plane waves. In addition to the new scattering-
like thermalization mechanism in ~4!, to properly describe
phonon-induced energy/momentum relaxation within the de-
vice active region, carrier-phonon scattering has been treated
in a fully 3D fashion.
As a starting point, we have considered an extremely
simple transport problem: a GaAs mesoscopic bulk system
of length l5200 nm sandwiched between two reservoirs
with different chemical potentials (m left2m right550 meV).
We have applied to this problem the simulation strategy pre-
viously described @see Eq. ~4!#, comparing the results with
those of the conventional simulation approach @see Eq. ~3!#.
Figure 1~a! shows the transient carrier dynamics—from
1 ps ~dashed curve! to 9 ps ~a thick solid curve! at steps of 1
ps ~thin solid curves!—resulting from the conventional
injection/loss model in ~3!. Here, we show the time evolution
of the carrier distribution in momentum space. Since within
this model we start from an empty-device configuration, the
simulated experiment shows a progressive increase of the
carrier distribution, which from the very beginning exhibits a
strong left–right asymmetry due to the chemical-potential
misalignment. This scenario clearly shows the open nature of
the conventional approach, which does not allow the direct
use of a standard MC procedure.
Figure 1~b! shows again the transient evolution of the
carrier distribution in momentum space, but obtained from
the proposed simulation approach. As anticipated, in this
case we deal with a fixed number of particles which at time
t50 are arbitrarily chosen to be equally distributed in the 3D
momentum space. Moreover, the total carrier density, which
is now a free parameter, has been set equal to the steady-state
value in ~a! ~which can be directly evaluated from the ther-
mal distribution f a+ ). Contrary to the time evolution in ~a!,
here at very short times the device region is already occupied
and its charge distribution in momentum space is more sym-
metric. Only at later times, due to the effective scattering
mechanism in ~6!, we recover the asymmetric distribution of
Fig. 1~a! ~see the solid curve!.
Figure 1~c! shows the charge current density as a func-
tion of time corresponding to the two simulated experiments
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in ~a! ~dashed curve! and ~b! ~solid curve!. At time t50 the
current is in both cases equal to zero; this is however as-
cribed to different reasons: in ~a! at t50 the carrier density is
equal to zero while the drift velocity is different from zero;
in ~b! the drift velocity is equal to zero while the carrier
density is different from zero. In spite of a slightly different
transient, both curves reach almost the same steady-state
value, confirming the validity of the proposed simulation
strategy. We finally stress that the steady-state condition pre-
viously mentioned is the result of a strong interplay between
thermalization induced by the external reservoirs and
phonon-induced momentum relaxation within the device ac-
tive region. Indeed, In the phonon-free case ~dotted curve!
the steady-state current—which is fully ballistic—reaches
significantly higher values. The momentum-relaxation dy-
namics previously mentioned is clearly visible in Fig. 1~a!,
where the peaks of the injected carrier distribution ~see
dashed curve! are progressively shifted to lower wavevectors
~see solid curve!.
As a second testbed, we have considered a prototypical
semiconductor quantum device: a GaAs/AlGaAs resonant-
tunnelling diode with a barrier height of 0.24 eV and a bar-
rier width and separation of 2.8 and 4.4 nm. Figure 2 shows
the current–voltage characteristics obtained from the pro-
posed MC simulation scheme with ~solid curve! and without
~dotted curve! carrier-phonon scattering. As we can see, we
are able to properly describe the typical resonance scenario.
More specifically, as expected, in the presence of phase-
breaking processes—like carrier-phonon scattering—the
resonance peak is significantly reduced. Also in this case the
proposed simulation strategy comes out to properly describe
the key phenomena under investigation.
In summary, we have proposed an alternative simulation
strategy for the study of hot-carrier phenomena in open
quantum devices. By replacing the conventional injection/
loss model with a Boltzmann-like effective scattering opera-
tor, we are able to move from an open to a closed scheme, a
prerequisite for the application of the well-established En-
semble MC method. The simulated experiments based on
this approach have fully confirmed its validity as well as its
power and flexibility.
1 See, e.g., C. Jacoboni and P. Lugli, The Monte Carlo Method for Semi-
conductor Device Simulations ~Springer-Verlag, Wien, 1989!.
2 See, e.g., Theory of Transport Properties of Semiconductor Nanostruc-
tures, edited by E. Scho¨ll ~Chapman & Hall, London, 1998!.
3 See, e.g., R. C. Iotti and F. Rossi, Phys. Rev. Lett. 87, 146603 ~2001!.
4 See, e.g., F. Rossi and T. Kuhn, Rev. Mod. Phys. 74, 895 ~2002!, and
references therein.
5 R. Proietti Zaccaria and F. Rossi, Phys. Rev. B 67, 113311 ~2003!.
6 M. V. Fischetti, Phys. Rev. B 59, 4901 ~1999!, and references therein.
7 See, e.g., R. C. Iotti and F. Rossi, Appl. Phys. Lett. 76, 2265 ~2000!.
FIG. 1. Room-temperature transport properties of a GaAs mesoscopic bulk
system of length l5200 nm sandwiched between two reservoirs with differ-
ent chemical potentials (m left2m right550 meV). Transient dynamics of the
carrier distribution in momentum space—from 1 ps ~dashed curve! to 9 ps
~solid curve!—as obtained ~a! from the conventional injection/loss model in
~3! and ~b! from the proposed simulation strategy. ~c! Charge current density
as a function of time corresponding to the two simulated experiments in ~a!
~dashed curve! and ~b! ~solid curve!. The scattering-free or ballistic result
~dotted curve! is also reported.
FIG. 2. Room-temperature current-voltage characteristics of a GaAs/
AlGaAs resonant-tunnelling diode ~with barrier height 0.24 eV and barrier
width and separation of 2.8 and 4.4 nm, respectively! as obtained from our
MC simulation scheme with ~solid curve! and without ~dotted curve!
carrier–phonon scattering.
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